The detection of byproducts from particle annihilations in galactic halos would provide important information about the nature of the dark matter. Observational evidence for a local excess of high-energy positrons has motivated recent models with an additional interaction between dark matter particles that can result in a Sommerfeld enhancement to the cross section. In such models, the cross section for annihilation becomes velocity-dependent and may enhance the dark matter annihilation rate in the solar neighborhood relative to the rate in the early universe sufficiently to source observed fluxes of high-energy positrons. We demonstrate that, for particle interaction cross-sections that increase with decreasing velocity, the kinematical structures of dark matter halos with interior density profiles shallower than isothermal, such as Navarro-Frenk-White or Einasto halos, may induce a further enhancement owing to the position-dependent velocity distribution. We provide specific examples for the increase in the annihilation rate with a cross-section enhanced by the Sommerfeld effect. In dark matter halos like that of the Milky Way and Local Group dwarf galaxies, the effective cross section at the halo center can be significantly larger than its local value. The additional enhancement owing to halo kinematics depends upon the parameters of any model, but is a prediction of certain models aimed at explaining measured positron fluxes and can exceed an order of magnitude.
I. INTRODUCTION
Astrophysical probes are important elements of the effort to identify the cosmological dark matter (DM). Detecting γ-rays from DM annihilation is a prime scientific motivation for existing and forthcoming γ-ray instruments including the space-based Fermi Gamma-ray Space Telescope (FGST) [1] , and atmospheric detectors such as the High Energy Stereoscopic System (HESS) [2] , the Very Energetic Radiation Imaging Telescope Array System (VERITAS) [3] , the Major Atmospheric Gamma-ray Imaging Cerenkov telescope (MAGIC & MAGIC II) [4] , the Collaboration of Australia and Nippon for Gamma-ray Observatory in the Outback (CAN-GAROO) [5] , the High-Altitude Water Cerenkov experiment (HAWC) [6] , and the Whipple 10m [1, 7, 8, 9] . The unexpected positron excess above 10 GeV detected by the Payload for Anti-matter Exploration and LightNuclei Astrophysics (PAMELA) satellite [10] and the cosmic ray electron/positron excess at ∼ 300 − 800 GeV detected by the Advanced Thin Ionized Calorimeter (ATIC) instrument [11] have been interpreted as products of DM annihilation in the halo of the Milky Way and have driven significant interest in leptophillic particle DM models with suppressed hadronic production channels (e.g., Refs. [12, 13] ).
The DM annihilation interpretation of the PAMELA and ATIC data faces a challenge in that the required cross section is roughly an order of magnitude or more larger than the value σv ∼ 3 × 10 26 cm 3 s −1 necessary for a thermal relic to have the observed contemporary DM density [12, 14, 15, 16] . A class of proposals that gives rise to large effective cross sections in galactic halos introduces an attractive force among dark matter particles mediated by a relatively light boson. The annihilation cross section can be large courtesy of a nonperturbative correction called the "Sommerfeld enhancement" [13, 17, 18, 19, 20, 21, 22, 23, 24, 25] . The new force effectively focuses incident plane-wave wavefunctions and can result in a significant increase in the effective annihilation cross section. The sizes of these "Sommerfeld-enhanced" cross sections are very sensitive to the parameters of the model and are generally monotonically decreasing functions of relative encounter speed [13, 22] .
While the antiparticle excesses may have a more pedestrian astrophysical origin [26, 27] , Sommerfeld-enhanced DM annihilation yields interesting phenomenology. Annihilation rates scale as Γ ∝ σv ρ 2 where σv = f (v)σ(v)v dv is the cross section times velocity averaged over the distribution of particle velocities f (v), and ρ is the local density. In canonical DM particle scenarios, σ(v)v is constant at v/c ≪ 1 and the integral is trivial. Previous estimates of the annihilation rates in Sommerfeld-enhanced models adopted a single characteristic velocity v char to describe entire halos, approximating f (v)σ(v)v dv ≈ σ(v char )v char . This approach may sensibly address the local PAMELA/ATIC data but neglects other observational consequences of such models. Moreover, while the constant halo velocity approximation is valid in the case of isothermal halos where density depends upon radius as ρ ∝ r −2 , the structures of dark matter halos are generally not isothermal (and not Maxwellian) and the velocity distribution will depend upon position.
The spatially-dependent velocity scale in DM halos is intuitive. Cosmological simulations suggest that DM halos have density profiles that scale as ρ(r) ∼ r −1 in their interiors (e.g., Ref. [28, 29] ). The characteristic speeds of particles then scale as v char ∼ GM (< r)/r ∝ √ r, where M (< r) is the mass contained within a sphere of radius r. Characteristic relative velocities decrease with radial position. As a consequence, the velocity dependence of the cross section can result in a position dependence in the annihilation rate beyond the standard Γ ∝ ρ 2 (r) proportionality. We use the Sommerfeld enhancement to provide a popular example of a velocitydependent cross section, but we emphasize that the simple point of this paper pertains to any model in which the annihilation cross-section is velocity dependent. Models in which s-wave annihilation is forbidden are another class of scenarios where annihilation cross sections can be velocity dependent, and such scenarios have been studied within the context of dark matter (a recent example in a similar context is Ref. [30] ).
To calculate annihilation rates in cases of velocitydependent interaction cross sections, an average over the radially-dependent velocity distribution should be performed. We perform this calculation and provide examples of the modified DM annihilation rates below. In particular we show that for some choices of parameters, the radial dependence of the velocity distribution can lead to important modifications to the radial dependence of the annihilation rate.
II. HALO DENSITY AND VELOCITY STRUCTURE
Navarro et al. [29] (NFW) found that the density profiles of DM halos in cosmological simulations scaled as ρ(r) ∝ r −1 at small radii and transitioned to ρ(r) ∝ r −3
in the halo exterior. We take the NFW density profile,
where x ≡ r/r s as one of our example halo models. The NFW profile has a scale density ρ(x = 1) = ρ s .
More recent numerical studies have demonstrated that the innermost density profiles of DM halos follow a radially-dependent power-law slope that may soften relative to the NFW γ = 1 value. Navarro et al. [33] find that the function
with η ∼ 0.17 represents well the DM halos formed in their simulations. This function has a form similar to the distribution suggested by Einasto [34] , and we refer to Equation 2 as the Einasto profile. This density profile has a local power-law index d ln ρ/d ln r| x=1 = 2 and density ρ(x = 1) = ρ s . The left panel of Figure 1 shows the density profile for two example galactic DM halos. Constraints on the rotation curve of the Milky Way (MW) suggest that its DM halo has a virial mass of M vir ≈ 10 12 M ⊙ , halo concentration C vir ≡ R vir /r s ∼ 12, and scale length r s ∼ 22 kpc [31] . These parameters imply a DM density at the MW scale radius of ρ s ∼ 10 6 M ⊙ kpc −3 . In addition to the MW, we consider annihilation in the halo of the Local Group satellite galaxy Ursa Minor because it subtends a large angle on the sky and should be among the most luminous dwarf galaxies in DM annihilation products [32] . Stellar kinematics constrain the Ursa Minor halo to have r s ≈ 0.6 kpc and ρ s ≈ 1.1 × 10 8 M ⊙ kpc −3 [32] . For a spherically-symmetric system with an isotropic distribution of velocities, the equilibrium one-dimensional velocity dispersion σ v can be computed from the Jeans equation [35] ,
where Φ is the total gravitational potential supplied by all components of the galaxy, including structures other than that for which the dispersion is being computed. The right panel of Figure 1 shows the velocity dispersion σ v (x) for models of the MW and Ursa Minor DM halos modeled with NFW and Einasto density profiles.
The NFW halo models reach a density ∼ 100× larger than the Einasto profile models at x ∼ 10 −6 , and have significantly lower inner velocity dispersions. Halos with structures similar to the Ursa Minor satellite have halo velocity dispersions ∼ 5 times smaller than the MW. In what follows, we adopt these values as fiducial parameters for the halos of the MW and Ursa Minor.
For the interaction of two particles with velocities v 1 and v 2 , the collision rate is proportional to the integral
where
, which depends on the local halo velocity dispersion σ v (x), can be computed from the individual velocity distributions of particles by changing variables from v 1 and v 2 to v rel and the center-of-mass velocity v cm = v 1 + v 2 and integrating over v cm and the directional dependence of v rel .
To illustrate the importance of the radial dependence of σ v , we approximate the velocity distribution function as an isotropic Maxwellian distribution with dispersion σ v ≪ v esc ≡ √ −2Φ. In this case, the relative velocity distribution is simply
We emphasize here that we utilize this form as a matter of convenience. Halo velocity distributions generally exhibit both velocity anisotropy and deviations from the Maxwellian form, but can be calculated directly from the distribution function (see § 4 or Ref. [35] ). For our purposes, the Maxwellian approximation should be conservative since the kurtosis of the velocity distribution in the halo models we adopt increases beyond the Gaussian value at radii x < ∼ 0.1 [see, e.g., 36] and would result in a further enhancement of the annihilation rate for the cross section velocity-dependence we consider below. We expect that the effect of velocity anisotropy will be to introduce geometrical factors of order unity into the evaluation of Eqn. 4 by altering the form of the distribution function.
III. SOMMERFELD CROSS SECTION ENHANCEMENT
As we argue above, if the particle interaction cross section has some additional velocity dependence beyond the standard σv ∼ constant, the kinematical structure of the DM halo may alter the annihilation rate. In what follows, we consider the Sommerfeld enhancement of annihilation cross sections as a particular example of a velocitydependent annihilation cross section of significant current interest.
The Sommerfeld [17] enhancement describes the increase in the effective cross section owing to an attractive force between incident particles. Let ψ(r) denote the radial wavefunction of the equivalent one-body problem relative to the center-of-mass. The annihilation rate should be proportional to |ψ(r)| 2 in a region near the origin. The Sommerfeld enhancement is an increase in the annihilation rate when the wavefunction ψ(r) near the origin is significantly altered owing to an additional, relatively long-range interaction. Let ψ 0 (r) and σ 0 be the radial wavefunction and annihilation cross section absent any new long-range force. Upon introduction of the new force, the effective cross section is shifted to σ = Sσ 0 , where S = |ψ(r = 0)/ψ 0 (r = 0)| 2 is the Sommerfeld factor. The Sommerfeld factor can be calculated from the attenuation of the solution ψ(r) using the optical theorem as [13, 20, 22] 
If we assume s-wave (ℓ = 0) annihilation in the nonrelativistic limit, then the scattering wavefunction is a solution to the Schrödinger equation in the form,
where m DM is the DM particle mass. If the attractive force has a finite range, Eq. (7) can be solved numerically using the boundary condition that far from the origin the particle is a free wave, and
Once the solution to ψ(r) is integrated inward to r → 0, the velocity-dependent Sommerfeld enhancement can be evaluated from Eq. (6).
FIG. 2:
Sommerfeld enhancement to the interaction cross section for annihilation using the parameters of the Arkani-Hamed et al. [13] model (left column, α ≈ 0.01, mV ∼ 1 GeV) and Lattanzi and Silk [22] model (right column, α ≈ 1/30, mV ≈ 90 GeV). We show the cross section enhancement as a function of DM particle mass mDM (upper row) or particle velocity (lower row). The right panels reproduce the results shown in Figures 2 and 3 of Lattanzi and Silk [22] .
For definiteness, we take the interaction to be given by an attractive Yukawa potential
where α > 0 is the coupling strength and m V is the mass of the boson that mediates the new force. This useful model for understanding the phenomenology of the Sommerfeld effect has been explored in Refs. [13, 22] . S can be large when v/c ≪ α and saturates to a maximum value for relative speeds
Large enhancements require αm V /m DM < ∼ v/c < ∼ α.
In general, bound states exist when m DM /m V ∼ n 2 /α, where n is an integer, and lead to large, resonant effective cross section enhancements.
For our demonstration, we assume that the cross section can be written as σ(v)v = (σv) 0 S(v) where (σv) 0 is independent of velocity and the Sommerfeld factor S(v) contains the entire velocity dependence. In the Yukawa model, the Sommerfeld factor additionally depends on the ratio. m V /m DM . As relevant examples, we will use the DM model parameters of Arkani-Hamed et al. [13] (α = 10 −2 , m V = 1 GeV, and m DM = 500 − 800 GeV) and Lattanzi and Silk [22] (α = 1/30, m V = 90 GeV, and m DM = 1 − 100 TeV). The parameters of Ref. [13] were chosen to match the mass scale of several hundred Position is given in units of halo scale radii, x = r/rs. The annihilation enhancement is plotted for MW-like (left panels) and Ursa Minor-like (right panels) halos with NFW (1st and 3rd columns) and Einasto (2nd and 4th columns) halo profiles, using either the Arkani-Hamed et al. [13] or Lattanzi and Silk [22] DM parameters.
GeV selected by the ATIC data [11] while also satisfying Eq. (10) so that large boosts are attainable (v/c < ∼ 10
in the local dark matter halo). The Ref. [22] parameters are based on the same considerations for large Sfactors obtained via an interaction mediated by Z boson exchange. Though we make specific choices including the form of the interaction and the masses of particles, this method can be applied to any model of particle interactions. The qualitative features we describe hold for Sommerfeld-enhanced annihilation in general. Figure 2 shows the dependence of the Sommerfeld enhancement on the dark matter particle masses and relative velocities (the right panels of Fig. 2 reproduce the results in Figures 2 and 3 for models away from resonance while S(v) ∝ v −2 near resonances [13, 22] . Figure 3 shows the enhancement of the annihilation cross section owing to the Sommerfeld effect as a function of position in dark matter halos. We show the quantity σ(v)v /(σv) 0 = S(v)f (v)dv, which amounts to the Sommerfeld factor averaged over the relative velocity distribution functions for dark matter halo models at each position within the halo. We show halo models representative of the MW and the Ursa Minor satellite for the dark matter parameters chosen by Arkani-Hamed et al. [13] and Lattanzi and Silk [22] .
IV. THE ENHANCEMENT OF VELOCITY-DEPENDENT DARK MATTER ANNIHILATION IN GALACTIC HALOS
The behavior of the annihilation enhancement σv /(σv) 0 depends on the halo kinematical structure and the details of the particle model. If the DM particle mass is near resonance, the Sommerfeld enhancement increases faster than S(v) ∝ v −1 and the decline of the halo velocity dispersion with radius leads to a large increase in the annihilation rate between the radii x ∼ 1 and x ∼ 0 in addition to the expected Γ ∝ ρ 2 dependence. The relative increase is larger for the Milky Way ( σv x∼0 / σv x∼1 ∼ 10 3 for Arkani-Hamed et al. [13] DM with mass m DM ≈ 650 GeV) than for Ursa Minor ( σv x∼0 / σv x∼1 ∼ 30) because the velocity dispersion of Ursa Minor near x ∼ 1 is already approaching the velocity at which the Sommerfeld boost saturates. The faintest known Local Group dwarfs such as SEGUE 1 [37] or Coma Berenices [38] with very low velocity dispersions (σ v < ∼ 10 km/s, see Martinez et al. [39] ) will have a radially-dependent cross section enhancement only if the saturation velocity is very low (v/c < ∼ 10 −5 ). When m DM is such that the interactions are far from resonance, the effects are much less dramatic for the parameters we have chosen, but can be significantly larger in models with either smaller coupling strength α or larger m DM , so that saturation occurs at significantly lower velocities as given by Eq. (10).
One aspect of Fig. 3 is worthy of explicit note in the context of recent proposals to explain the PAMELA/ATIC data with DM annihilations. In the MW halo, the diffusion length of multi-GeV positrons is short ( < ∼ kpc) so that the relevant enhancement is the enhancement evaluated in a region local to the solar neighborhood, with x ≈ 0.35. Fig. 3 indicates that for a fixed enhancement factor in the Solar neighborhood, the enhancement factor toward the Galactic center can vary significantly depending upon the specifics of the model. For these examples, the effective cross section at the Galactic center can be ∼ 10 − 10 3 times larger than its local value. Similarly, the case of Ursa Minor as an example of a Local Group dwarf satellite is interesting. Should observable γ-rays be produced in this satellite, the surface brightness profile will result from the position-dependent density and velocity distribution. In models with Sommerfeld enhancements, the radial gradient in the annihilation signal encodes information about the mass ratio m V /m DM . The scale radius of Ursa Minor subtends ∼ 2
• on the sky, and so this gradient may be a challenge to identify with an instrument such as FGST, with an angular resolution of ∼ 10 arcminutes, but may be accessible to atmospheric Cerenkov detectors such as VERITAS, HESS, MAGIC, and CANGAROO with angular resolutions of the order of arcminutes.
V. DISCUSSION AND CONCLUSIONS
We have studied the influence of the kinematical structure of dark matter halos on dark matter annihilations in models with velocity-dependent annihilation cross sections. The methods we have used are general, but we have considered specific examples of the Sommerfeld enhancement to DM annihilations that have been proposed in order to explain recent measurements of high energy positron fluxes by PAMELA and ATIC. As our primary aim has been to illustrate the general importance of halo kinematics for velocity-dependent annihilations, we have cast our answers in terms of relative annihilation cross sections without specifying either a normalization of the cross section at high relative velocity [(σv) 0 ] or particular yields of outgoing leptons and photons from such annihilations. Our results demonstrate that the kinematical structure of DM halos can influence the annihilation rate in important ways. In particular, the velocity distributions of dark matter particles may be a strong function of position so that velocity-dependent annihilation cross sections may give rise to annihilation rates that vary with halo position in addition to the dependence upon local number density Γ ∝ ρ 2 (r). These results could easily be incorporated into cosmological N-body simulation estimates of dark matter annihilation rates [e.g., 40, 41] .
Halo velocity structure may be important for annihilations within the MW. For the specific cases of Sommerfeld enhancements with the Arkani-Hamed et al. [13] and Lattanzi and Silk [22] DM parameter choices, halo kinematical structure leads to an effective DM annihilation cross section that rises by a factor of ∼ 10 − 10 3 between the solar neighborhood and the MW halo center. The increase in the annihilation rate is most prevalent when the interaction occurs near resonance with m DM ∼ n 2 m V /α. In any case, the enhancement tends to a constant at small radii owing to the saturation of the Sommerfeld effect when condition Eq. (10) is met. This radial dependence can lead to relatively large boosts in annihilation products from the Galactic center relative to the local boost with or without taking additional boosts from halo substructure into consideration.
The examples that we have presented are simple, but we have studied more complete models of the Milky Way including the influence of the baryonic components of the Milky Way galaxy according to the parameterizations of Klypin et al. [31] and self-consistent models of Widrow and Dubinski [42] . In all cases, our qualitative result holds. The kinematical structure of the DM halo remains important in the sense that the Sommerfeld boost in the solar neighborhood can be significantly different from the boost elsewhere in the halo. What differs in these models are the detailed parametrics. For a specific set of dark matter interaction parameters, including the potential of the baryonic component of the Galaxy decreases the local Sommerfeld boost but increases the gradient of σv /(σv) 0 . Including a large black hole at the center of the Galactic potential leads to a cut-off in the enhancement level at roughly the radius of influence of the black hole, which is of order r ∼ 10 −3 − 10 −4 r s and depends in detail upon the structural parameters one assumes for the galaxy and the halo. At this early stage, a detailed exploration of the parameter space seems of limited value, though we speculate that it may be more fruitful to seek such tests of velocity dependent cross sections in dwarf galaxies where there are fewer complications.
The dwarf satellites of the Milky Way may be additional sources of observable annihilation radiation that can shed light on the effective cross section for DM annihilation [13] . We have considered the case of the dwarf satellite Ursa Minor because it subtends a large solid angle on the sky and would be one of the most luminous of any known MW satellite in DM annihilation products [32] . Our results indicate that in systems like Ursa Minor the kinematical structure of the halo may reveal a signature of Sommerfeld-enhanced annihilation. In par-ticular, models with large Sommerfeld enhancements to the dark matter annihilation cross section may result in a surface brightness profile that varies more rapidly than the density-squared weighting would imply over the inner few arcminutes of the galaxy. The scale over which the variation is significant is small compared to the angular resolution of FGST (∼ 10 arcmin.), but comparable to that of atmospheric Cerenkov detectors such as HESS, MAGIC, VERITAS, and CANGAROO.
Of course, the absolute cross section for annihilation is not known, so models for which halo structure will be important are cases where the Sommerfeld factor is not yet in the saturation regime for a large fraction of the halo. In the case of the MW, a large radial gradient in the annihilation rate requires that saturation should occur at speeds less than the local DM velocity dispersion of v/c ∼ 10 −3 . For dwarf halos such as Ursa Minor the requirement is v/c < ∼ 10 −4 , while smaller dwarfs like SEGUE 1 or Coma Berenices require saturation at v/c < ∼ 10 −5 . For these conditions to be satisfied, either the coupling constant α or the mass ratio m V /m DM must be tuned to values many orders magnitude below unity. The Sommerfeld enhancement saturation explains why the spatial dependence of the effective cross section is mild in Ursa Minor for the Lattanzi and Silk [22] particle model shown in Fig. 3 . Likewise, the first collapsing halos with masses for less than the halos of contemporary dwarf galaxies will lie well within the saturation regime (if M ∼ M ⊕ , then v/c ∼ 10 −8 ), so that constraints from γ-ray backgrounds owing to annihilation in these objects remain relevant [43, 44] .
The position dependence of the annihilation cross section may be a testable prediction of Sommerfeld-enhanced DM annihilation models of the PAMELA/ATIC data in some regions of parameter space. For the Milky Way, the decreasing width of the velocity distribution can result in far greater fluxes of annihilation products from the Galactic Center than would otherwise be expected. In the case of Ursa Minor, it might be possible to detect the signature of an effectively spatially-dependent annihilation cross section that varies on scales of ∼ arcminutes. If the PAMELA/ATIC data have an astrophysical explanation [26, 27] , the current motivation for Sommerfeld boosts would be diminished, but an enhancement owing to a velocity-dependent cross section for interactions among dark matter particles may still be possible. In such cases, the Sommerfeld boost may manifest solely as modified spatial profiles of γ-rays from halo particle annihilations. Either way, it is an exciting time in the quest to identify the dark matter and the flood of data expected over the next few years will only add to this excitement.
